HECKE OPERATORS ON HILBERT-SIEGEL THETA
SERIES

DAN FRETWELL AND LYNNE WALLING

ABSTRACT. We consider the action of Hecke-type operators on Hilbert-
Siegel theta series attached to lattices of even rank. We show that
average Hilbert-Siegel theta series are eigenforms for these operators,
and we explicitly compute the eigenvalues.

1. INTRODUCTION

Siegel theta series help us study quadratic forms on lattices, as their
Fourier coefficients carry information about the structures of their sublat-
tices. Hecke operators help us study Fourier coefficients of modular forms.
Here we consider Hecke-type operators on Hilbert-Siegel theta series, show-
ing that the average Hilbert-Siegel theta series is an eigenform for these
operators, and we explicitly compute the eigenvalues.

With K a totally real number field with ring of integers O and L a lattice
of rank m over O, we do not know that L is a free O-module, but we do
have

L=Ax1® - ®A,zm

where Ay, ..., A, are (nonzero) fractional ideals and z1, ..., z,, are vectors
in the space KL = Kz; & --- & Kz,,,. We equip L with a totally positive
quadratic form q (so q(z) > 0 for all x € L). To build a degree n Hilbert-
Siegel theta series associated to L, we set £ = <.,41, e ,Am>(9m’” where
<A1, . ,Am> is shorthand for diag{A;,..., A4, }. We set Q = (Bq(xi,xj))
where By is the symmetric bilinear form associated to q so that q(z) =
By(z,x). Then we set

O(Li7) =0(C:7) = ) o{QU]7}
vel

where Q[U] = 'UQU, 7 is a suitable complex variable, and e{*} is a suit-
able exponential function (defined below). Note that with U € £ and
(y1 -+ yn) = (@1 -~ 2m)U, each y; lies in L and (Bqy(yi,y;)) = Q[UJ; so
the Fourier coefficients of 0(L; ) tell us how often L “represents” any given
quadratic form T of dimension n, meaning the number of sublattices of L
that inherit T as a quadratic form.

The goal of this paper is to show that when m is even with m = 2k,
the average Hilbert-Siegel theta series 6(gen L;7) (defined in Section 5) is
an eigenform for certain Hecke-type operators, yielding relations on average
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representation numbers of the quadratic form q on L. This generalizes what
was done in [7] and [8] where the number field was Q; many of the arguments
in this previous work are local, and those arguments generalize to the number
field setting quite easily. The main work in this paper is to realize the action
of the Hecke-type operators on 6(L;7) in terms of L; this involves the use
and understanding of auxiliary theta functions, defined as follows.

For (nonzero) fractional ideals 73, ..., Z,, we have the lattice

£=0(T,....T.) = (A1,..., An)O™™(Ty,...,T,)

(so for U' € L and (21 -+ 2,) = (21 -+ xm)U’, we have 2z, € IyL for
1<¢<n). We set

0(Lm)= > e{QIU'|r}.

urel!

In Section 2, we first extend an algebraic trick of Eichler [3] to establish
an Inversion Formula (Theorem 2.4) for a very general theta series. From
hereon, we assume m is even with m = 2k; then with £ as above, variations
on standard techniques show that 6(L’; 7) is a Siegel modular form of degree
n and weight k, for a group of some level N and character x (defined below;
note that N and y are determined by L, and 0(L’;7) transforms under a
group determined by Zi,...,Z, as well as invariants of L).

In Section 3 we show how 6(L;7) and 6(L’; ) are related through maps
Se(Q) (Q a fractional ideal); proving this requires the generalized Inversion
Formula (Theorem 2.4). In Section 4 we evaluate

O(L; )| S1(P™) -+ S;(P~H)T3(F?)

where 9 is a prime ideal not dividing the level of L and T;(B?) is a Hecke
operator with 1 < j < n (defined in Section 4); we consider this im-

age of 0(L;7) as it lies in the same space as 6(L;7). We first describe
O(L;7)|S1 (P~ -+ S;(P~1)T;(PB?) in terms of lattices

LT’O,'I"Q = 'C<q3_1[’r‘07 I’)"L*TO*TQ ) g’BIT‘2>

with 7, re varying so that ro + ro < j (Proposition 4.1). We then parti-
tion each L, , into equivalence classes, and partition each equivalence class
into orbits of a group K, , (defined in Section 4) to get a computationally
convenient description of 6(L,, ,;7) (Proposition 4.2). Then we can write
O(L; 7)[S1(P~1) -+ - S (P~HT;(P?) as a sum over lattices Q@ C P~LL (Propo-
sition 4.4). As this sum involves incomplete character sums, we complete
them in Theorem 4.5 by replacing the operator Sy (B=1) - S;(P~HT;(B?)
by 13(‘132), a linear combination of the operators S1(P~1) - - - S, (P~ T, (B?),
0 < ¢ < j. Then in Section 5 we appeal to the (primarily local) arguments in
[7] and [8] that carry over almost directly to the number field setting. With
{T]{(‘Jﬂ) : 0 <j <mn} aspecific generating set for the algebra generated
by {fj (PB2): 0<j <n} (where Tj(B?) = To(P?) is the identity map), we
show that for 3 a prime ideal not dividing the level of L,

0(gen L; 7)|T;(B?) = Aj(P*)0(gen L; 7)
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N () k= H+G-D/28(n, j)é(k — 1,5) if x(P) =1 and j < k,
Aj(B?) = S N(P)Ik=m+iG=D28(n, j)u(k — 1,5) if x(B) = —1 and j < k,
0 otherwise

(Corollary 5.4). Here B3(n,j) is the number of j-dimensional subspaces of
an n-dimensional space over O /B, and

8(k—1,5)=(NB® 1 +1)--- (N7 + 1),
p(k—1,5) = (NR) " = 1) (N(R)* —1).

Note that while herein we assume m is even, in a subsequent paper we
demonstrate how to adjust these computations to allow m odd.

Notation. Throughout, we take K to be a totally real number field with
ring of integers O and different 9. Except for Sections 2.1 and 2.2, we take
m € Z, to be even with m = 2k, and we fix fractional ideals A1, ..., A,
and vectors x1,...,%m, so that L = Ajx1 & --- & Az is a fixed lattice.
We fix n € Z4 and set

L={(Ai,..., An)O™".

We take g to be a totally positive quadratic form on L whose associated sym-
metric bilinear form By satisfies q(z) = Bqy(x, x); we set Q = (Bq(x4,z;)).
When L' is a free lattice with quadratic form ¢’ given by a matrix Q'
(relative to some O-basis for L'), we write L' ~ @', and we say L' is isometric
to @'. The discriminant of L’ is det @', which is well-defined up to squares
of units in O.
The complement of L is

L={veKL: tr(By(v,L)) CZ}

where tr denotes the trace from K to Q. So with () --- 2},) = (21 -+ 2,)Q 7},
L=8Y AT 2@ - @A al,)). We define normL to be the fractional ideal
generated by {q(x) : = € L }, and we define scaleL to be the fractional ideal
generated by {Bq(x,y) : z,y € L }. Note that 2scaleL C normL C scaleL.
With 9t = N(L) = %normL, we say L is even M-integral, meaning that for
all z,y € L we have q(x) € 201 and By(x,y) € M. We define the level of L
to be

N = 4(normL - normL#) L,

which is an integral ideal. For B a prime ideal, we have B t N if and only if
Og L is Op9-modular, meaning that with 7/, a; € K so that n’Op = N7 10g
and ;Op = A;Op (1 < i < m), the matrix 7'Q[{au, ..., an)] is invertible
over Oy. (Note that when 93|20, the matrix ’Q[{a1, .. ., oy, )] necessarily
has diagonal entries in 20y.)

Let ) = {X +iY: X,Y € Reym, Y > 0 }, where Rgym denotes the set
of symmetric n x n matrices over R, and Y > 0 denotes that as a quadratic
form, Y is positive definite. With d the strict ideal class number of K and
Y1, ...,1%q the embeddings of K into R, for 7 = (7y,...,7) € ﬁ?n) and
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M € K, we set M3 = qp; (M),

d
tr(MT) = Z M(i)n,
i=1

and we set e{ M7} = exp(mio(tr(M7))) where o denotes the trace of a
matrix.

In Section 2 we will see that with Z1,...,Z, fractional ideals and £’ =
£<Il, . ,In>, the theta series

oL = 3 efQUr)
vecl!
is a modular form for the group T'o(N;Zy, ..., Z,;N) defined as follows. Set
X ={(Th,...T,), X ' =(Z;',... 1), and set

To(N:Th,. .. T M) =TV WG T4, . Ty MY

NOX)~! onn - Omm ((NOX
= (( ) X> (/\/O"’” On,n) < X1> ﬂSpn(K).

(Here Sp,,(K) denotes the group of 2n x 2n symplectic matrices over K.) For
X a character modulo NV, we write My (To(N;Z1, ..., Z,;N), x) to denote the
space of (Hilbert-Siegel) modular forms for the group To(N;Zy, ..., Z,;N)
with character y, meaning the set of analytic functions from .6‘(1”) to C so

A B

that for all v = (C’ D

) € FO(N;Ilv s 7In;m)7

flr(7) = x(det D) f(7)
where f|y(1) = det(N(C7+D))~*f((A7+B)(Ct+ D)) and N(C7+D) =
H?:l (CO 7+ D). We will also see that the character associated to 8(L’; 7)
as a modular form is xr, defined as follows.

First take B to be a prime ideal with B 1 20. By Section 92 [5], a binary
unimodular Og-lattice is isometric to either a hyperbolic plane (given by
the matrix <1, —1>) or an anisotropic plane (given by the matrix <1, —w>
where w is a non-square unit in Og); a dimension 2k unimodular Op-lattice
is isometric to either an orthogonal sum of k& hyperbolic planes, or an or-
thogonal sum of £ — 1 hyperbolic planes and an anisotropic plane. Thus the

Lengendre-type symbol (%) given by

(y ) B {1 if y is a square modulo B,

D —1 otherwise

B

(where y € O~ *B) allows us to distinguish these two types of dimension 2k
lattices over Og.
Next take 8 to be a prime ideal with L|20; let U = (9;3. By 93:11 [5], a

binary even unimodular lattice over Oy is either a hyperbolic plane (given
. 1 . . . .
by the matrix <(1) O>) or an even anisotropic plane (given by the matrix

f 216 where 1 + 4e has quadratic defect 4Oq; note that by Section 63A
[5], 1 — 4e also has quadratic defect 40y, so in particular, 1 — 4e is not a
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square, and the set of units in Oy with quadratic defect 40 is (1 — 4e)U?).
By 93:18(ii) [5], a dimension 2k even unimodular Ogp-lattice is isometric
to either an orthogonal sum of k£ hyperbolic planes, or an orthogonal sum
of £ — 1 hyperbolic planes and an even anisotropic plane. We want to
choose a quadratic character modulo some power of 3 that will distinguish
a hyperbolic plane and an even anisotropic plane over Og. So we want to
construct a homomorphism ¢ : U /U? — {41} so that p((1 — 4e)UU?) = —1.
By 63:9 [5], [U/U? = 2([Og : POR])" ™) so U/U? is a 2-group with
at least 4 elements, in which every element is its own inverse. Thus with
U /U?| = 2¢, we can choose (1 — 4€)U? together with d — 1 other elements to
generate U /U?, and hence we can build 2~! homomorphisms ¢ that map
(1 — 4€)UU? to —1. Such a homomorphism ¢ corresponds to a choice of a
Kronecker-type symbol that (by 63:1 [5]) is a quadratic character modulo

4 with
Yy _ U2
(m)w Pt

(y € U). We fix a choice of ¢ and write (%) for <%) .
@

Now suppose that P N; fix n € N~ so that n’Op = N1 Oy, and for
1 <i<m,fix a; € A; so that a;0p = A;Op. Set

RO ™a - ap)? de

note that by Section 93 of [5], when B|20 (and B 1 N') we have that
(=¥ ()™ (1 - - - ) ? det Q lies in U? or (1 — 4e)ld?,

)

and hence x*(*P) is independent of the choice of Kronecker-type symbol
chosen above.

Now we extend x* completely multiplicatively to all fractional ideals 7
that are relatively prime to A (where Z relatively prime to N’ means that
for any prime P’|NV, ordgy Z = 0). Then for y € O with yO relatively prime
to N, we set

X(y) = xL(y) = (N(sgny))*x*(yO)

where N(sgny) = [T{_; sgn(1i(y))-

Note that for v € To(N;Z1, ..., Z,; M) we sometimes write x1 () to de-
note xr(det D).

We define the maps Sy(Q) in Section 3, and the maps T;(3?) in Section
4.

2. HILBERT-SIEGEL THETA SERIES

In this section we will introduce Hilbert-Siegel theta series and prove the
transformation formula for such series. In order to do this we will first need
an inversion formula. We prove this by generalizing a trick of Eichler [3],
used in the Hilbert modular case. Note that we will be realizing a Hilbert-
Siegel theta series as a Siegel theta series over the rationals, and so by
Theorem 1.1.4 [1], we know the the Hilbert-Siegel theta series is analytic.
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2.1. Inversion formula: local notation and setup. Let vq,...,74 be
an integral basis for O (meaning that O = Z~y; + - -+ + Z~y,). As alluded to
above, we have fixed an ordering of the real embeddings 1, ...,¢4 : K—= R
and we write a(®) to denote 1, (a). The maps 1), induce linear embeddings
K% < R%® for any a,b > 1 by applying 1, component-wise. For ease of
notation we write U™ = 4,(U) for U € K% and refer to these as the
conjugates of U. For U € K*® we define tr(U) = Z,Ldvzl U®) (ie. apply the
field trace on each entry).

Fix m,n > 1 and set V = K™". Let M € Kgm be a totally positive
definite matrix, corresponding to a quadratic form ¢’ on K™. This also
gives rise to a symmetric bilinear form By on K™ (taking the convention
that By (z,z) = q'(x)). After scaling we may assume that M is integral with
even diagonal. Given U,W € V we write M[U, W] = ‘UMW € Kgym and
M[U]) ='UMU € K™". Then considering V as both a K-vector space and
a Q-vector space gives quadratic forms My, My g respectively, given by
Myg(U) = o(M[U]) and Myo(U) = o(tr(M[U])), where we recall that
o is the matrix trace. The corresponding symmetric bilinear forms are
Byx(U,W) =o(M[U,W]) and By o(U,W) = o(tr(M[U, W))).

Now consider an O-lattice £’ C V of rank mn (where m is not necessarily
even). We do not assume that £’ is free. However restricting scalars to Z we
must obtain a free Z-lattice of rank mnd. Let Uy, Uo, ..., Upng be a Z-basis
for £'. We may restrict the above quadratic forms to £, writing M, g and
My to emphasize this. Attached to £’ is a theta series:

O(L'sm) =Y emMealln = N e{Mp g [U)T}.

verl’ vel’

We will prove an inversion formula for this very general theta series; then
we restrict our attention to the lattices described in the introduction, and
prove that these are Hilbert-Siegel modular forms. Note that since 6(L’;7)
gets identified as a Siegel theta series, we know from Theorem 1.1.4 [1] that
0(L';7) is analytic.

2.2. The inversion formula for 6(£’; 7). To relate O(L; 7) to O(L, —7~1),
we first consider the quadratic form My g in more detail. We will show that
there is a matrix Zi(7) € $(una) and an isomorphism ¢’ : V. — Q"4
satisfying:

MyolUlr ="¢/(U)Z1(1)¢' (U),

i.e. that My is isometric to the quadratic form on Qmd1 with Gram
matrix Z1(I). For n =1 this is precisely the idea behind Eichler’s trick for
establishing the inversion formula for Hilbert theta series.

Before stating the result we must make a few definitions. First we con-
struct the matrix G = (’yj(.l)) € R4, Given G we then form the Kronecker
product &' = I, ® G ® I,,, € Rmndmnd

Consider the linear map ¢ : K™ — Q%! that sends column vector

m
t
=", um) =D uie =Y U jer;
i=1 i
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to
(ul,la u2,17 teey um,l: u1,27 sty um,27 srey Um,d) € de'
This map extends to a linear map ¢ : V' — Q™" via ¢(U) = (¢(uy), ..., p(uy)),
where uy, ..., u,, are the columns of U. Let ¢/(U) = t¢(U).
We see that there is a strong link between the conjugates of U € V and
the vector G'¢/(U) € Qmndt,

Lemma 2.1. For any U € V with columns uy, ..., u,, we have
G/¢/(U) = t(vgl)7vg2)7 seey ng)vvgl)7 seey ng)v veey Vng))v

where vy, = fuy,.

Proof. Note that:

(G® Im)?ﬁ(ul)
G'¢'(U) = (G® Im) P(uz)
(G @ In) o(un)

It suffices to show that (G® I,,) ¢(uy,) = t(vq{,}), ...,Vg,i)) foreach1 < w <

n. Letting ¢(uw) = (ul,l,wa U2 1wy -y Um, 1w, UL, 2w ++-y Um,2,w5 +--» um,d,w) the
claim follows since:

d 1 )

it 7]('2) D A 2 “i,j,weﬂ%z;
d

(G ® ) p(uw) = D=1 i igwei | | i Uigwei

) oo )

2j=1 'VJ(‘ ) D20y Ui 2y “i,j,weﬂy(‘ )
(1)

Uy
(2)

_ | ww :t<vgl)7_“,vz(g)>_
ol

O

We now wish to encode the conjugates M® and the 7 into an mnd x
mnd matrix. In order to do this we construct the block matrix Zy(7) =
(Zi;(1)) € Cmrdmnd where for each 1 < i,j < n we have Z; (1) =
diag(r{ ) MO, ., 7D M) € cmdmd,

Letting Z1(7) = 'G'Zo(7)G" (which is in £(,,nq)) We can now prove the
relation mentioned earlier.

Lemma 2.2. For any U € V we have My o|U]r =1¢'(U)Z1(7)¢'(U).
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Proof. Tt is clear by the lemma that
' (U)Zu(r)d'(U) = 1(G'¢'(U)) Zo(7)(G'¢' (U))
= Z(vgl),vl@), ...,vgd))Ziyj(T)T(v(Al) v ...,v(d))
'hj

jg g0 g
Ti(;)M(l)ugl)
N SCUCION  N
Z] cee
7 () 3 r(d) .. (d)
Tij M )uj
d (w) (w)_(w)
- Z sz‘ M(w)uj L
w=1 i,j
3 (w) _(w)
=Y | > MR
w=1 i,j
d
= Z(O’(M[U](w),,-(w)))
w=1
d
=0 (Z M[U](w)T(w)>
w=1
= My (UT).
In the third to last equality we use the identity o(*AB) = Z” A; B, j with
the symmetry of M[U]®). i

One also proves in a similar fashion that By,o(U, W) = t¢/(U)Z1(I)¢'(W),
a fact we will need later.

Let A € GL;1nq(Q) be the matrix whose ith column is ¢/'(U;). If U =
S, U, € £/ then it is clear that ¢/ (U) = Au, where u = *(u1, ..., Upna) €
Z™. Thus by the lemma we see that My o[U]T = ‘uZ(1)u, where Z(1) =
tAZy(T)A. In particular the map ¢” : V. — Q™! given by ¢"(U) =
A7L¢/(U) gives an isometry between Mo and the quadratic form on
Q! with Gram matrix ®(L£') = Z(I).

The following properties of Z(7) will be useful.

Lemma 2.3. o —Z(r) =0 1 Z(r He(L) L.
o det(—iZ(1))~

N

det(Z(1))

Notice that the compliment of £’ is defined to be the largest O-lattice
satisfying tr(Byg(U,W)) € Z for all U € £’ and hence is the dual of £’
with respect to My . Thus the Gram matrix of £’ with respect to the
above basis is ®(£")~! = (By,o(U;, Uj))i )t

Given W € V we define the shifted theta series:

oL W) = Z e{QIU + W]r}.
verl!

We are now able to prove the following inversion formula for 8(L£', W'; 7).

= ——L__det(N(—ir))" %, where N(7) = [[%_, 7@
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Theorem 2.4. (Inversion formula) For m,n € Z,, V. =K™" L' a lattice
n,n

on V with quadratic form given by the totally positive matriz M € Ksym and
W eV, we have

Wir) = e —iT))" 2 e{2! — 71
0L\ W;T) = det(cpw))d t(N(—iT)) yze:E{Q WMY — M[Y]r ™1},

Proof. First suppose that M is even integral and W € L. Let ¢ (W) = wy.
Then using the above lemma and discussion:

9(6/, W, 7_) — Z CﬂiMV’Q[U+W]T
vel’
_ Y ez ),

uczmnd

Since wo € QM1 is fixed and Z(7) € H(mnd), the right hand side is a
generalised theta series with variable Z(7). The inversion formula for such
forms is known and applying this gives:

9(5’7W;7):det(—z‘2(7))—% Z mi(—tuZ(r) " u—2"uwo)
uczmnd
Z o2 ) Z(r~)(Z(1) )2 uwo)
uezmnd

Z e71'2'(th(7'*1)w—2tWZ(I)w0)

weZ(I)~1zmnd

[V

=det(—iZ(1))”

[V

=det(—iZ(1))”

mi(2two Z(Hw—twZ (1~ )w)

[SIES

= det(Z(—iT))_ e
weZ(I)—IZmnd
1 m . 1
= ———det(N(—ir))” 2 e (2Bv,o(WY)=Myq[Y]T™")
det(B(L)) YEE:Z
1 m
= —————det(N(—ir))" 2 MW, Y] — M[Y]r ).
det(@(ﬁ’)) € ( ( ZT)) }/62276{ [ ] [ ]T }

Now suppose M is not necessarily even integral and W is not necessarily
in L. Take ¢ € O to be totally positive so that c¢M is even integral and
cW € L. Let £” denote the lattice £" equipped with the scaled quadratic
form c¢M. Then L£" = ¢~ 'L/, and hence from above we have
0L, W)

=0(L",W;T/c)

1 m

= ————det(N(—it/c)) "2 Y ef2eM[W,c Y] — eM[c'Y]er ™!
(@) t(N(—it/c)) P {2eM] ] [c Y]er™}

:;detw(—m)*% > e{2M[W,Y] - M[Y]r '},

J/det(®(L7))

yer
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2.3. The transformation formula. From hereon we assume m is even
with m = 2k, and we focus on the lattice

L=L{L,....IT,) = (A1,..., An)O™™(T;,... ., T)

where 7y, ..., Z, are (nonzero) fractional ideals fixed throughout this section,
and £’ is equipped with the quadratic form @) as fixed in Section 1. Using the
inversion formula, we prove the transformation formula and thereby show
that 0(L';7) € Mg(To(N; 11, ..., Zy;N), x1.). For this, we note that

L=L{Z7Y T =07 QWA L Aoz L T,

Proposition 2.5. Let L' be as above, and suppose

A B
Y= <C D) EF(N§Ila-"7In§m)

with det D # 0. Then
O(L'; (A + B)(Ct+ D))
= det(N(—iT(CT + D)™'D)) "% det(N (—ir))*

> e{QUIBD'}| 6(L57).

UGEI/[:/ tD
Proof. As one can check, we have
(AT + B)(CT+D)' =D ''B+ D 'r(Cr + D)7

For U,Y € £, using that ' DB = {BD~! (M N) = ¢(NM) and (M) =
o(tM) for M, N € K", we find that

o(QU +Y'D|'D™'B) € 0(Q[U)'D'B +207"),
and so e{Q[U + 'DY]'D~''B} = e{Q[U]*D~'tB}. Also, since
De(Ty,.... L) O™ (I, ..., T, 1),

we know that det D € O and that £''D C £'. Hence using the Inversion
Formula and that !BD is symmetric, we have
0(L'; (AT + B)(Ct + D))
= Y fQUI'D''BYO(L,U'D;7(CT + D)D)
UeL'/L'tD
1

= ——— de —i7(CT -1 —k
= (0 det(N( (Ct+ D) "D))

> QWIBDT} Y e2YQUIDT - QIY)(DTIC + )

UeL' /LD verr

- det(N(~ir(C+D)"'D))™* Y ef-QlY]r '}

ver

&l -
B

> e{QUIBD' +2'YQU'D™ - Q[YV]D7'C}
UEEI/EI tD
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We claim that this last sum on U is independent of Y. First, using that
D'A—-C'B=1="'DA— '!BC) we have that

e{-QUB +Y]|D™C} =e{Q[UIBD ' +2'YQU'D™! — Q[Y|D'C}.

We know that <A1,...,Am>Q<A1,...,Am> C MO™™ so for U € L/, we
have UB € L'; we also have £/!D C £'. For fixed Y € £/, we show that
UB +Y varies over £'/£'D as U varies over £'/L''D; to do this, we show
that for U € £/, we have UB € L£'D if and only if U € £'tD.

We will argue locally. We first observe that for 8 a prime with B t det D,
we have

OpL'*D = OpL!, OpL'D = Og L.

Thus we need to show that for any prime 9P| det D, we have U € OpL''D if

and only if UB € L£'D. We first fix some notation.
Choose 3,1, a;, piy € K so that for every prime B| det D, we have

ﬁOm = (9(9:3, 770(;3 = ‘ﬁ@qj, OziOcp = .Aing, ,ugng = Ig@gp

(1<i<m, 1<l<n)Seta= (ar,...,0m), b= "_11,-Hn),

A B _ 57& A B 6_17]_1Q_1
@ )= (") p) )

U'=a'Up™, Q =n""aQa.
- A B
Now fix a prime B|det D. We have (C” ,> € Spn(Og) with N,
U' € 0", and Q' € O3 ™. Let Liy = OpL, Lhy = OgL'; 50 Ly = aOR"
Eﬁp = B_lQ_lg_l(Qg’nH_l. Also, U € E(’BtD if and only if U’ € (’)g’ntD’,
and UB € Z{JBD if and only if Q'U'B’ € Og’nD’. Since | det D and hence
N, we have that Q' is unimodular over Oy (see the discussion in Section
Bt by
1); thus UB € LD if and only if U'B’ € (Q%L’RD/. Choose E,G € GL,(Og)

so that
t _ Ir O
EDG—(0 7Dy

where r = rankyp D’ and 7Oy = POg (here ranky D’ means the rank of D’
as a matrix over Og/POxy). Write

By B
EtB/ tG—l — 00 01
Bj, Bu

where By is r x r. By the symmetry of ‘B’'D’, we get By; = 0 (POg), and
/ /

by the fact that A B > € SLy,(Os), we find that By is invertible over

Og. Now take

I-'B I 7Bo1 D
_ =1t 00 tA b o1 D1 .
X=G'B E+< 0) GD E_<tB01 By >

¢ D
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so X is an invertible matrix in (’)%’”. Also, an easy check shows that
EX(Y!GD''E) = (E'D'G)X. Then
U'B' e Oy"D' = U'GX € Oy"('GD''E)
— U'GeOoyp™'X {(E'D'G)
= U ecOpy™"' X 'E'D' =03""'D
RY Y )
Since this holds for all prime ideals 3| det D, we see that as U varies over
L'/C''D, UB+Y varies over L'/L'D.
Thus in our last expression for §(L’; (AT +B)(C7+D)~!), we can simplify
the sum on U (eliminating the terms with Y), and reverse the order of

summation. Then another application of the Inversion Formula (Theorem
2.4) yields the proposition. O

Now we evaluate the sum on U in the above propostion.

Proposition 2.6. With the notation be as in the previous proposition, we
have
> o{QIUIBD ™'} = N(det D)* x1(det D)
UeL! /L' tD
where x1, is as defined in the introduction.

Proof. Let the notation be as in the previous proof. With © = (det D)O,
we have

> efQUBD™'}

UeL! /L' tD

- Z Q{Q [<CM1,"‘ ,Oém>U<ILLl,"‘ 7Mn>:| B.Dil}
UeOQmn/Om:ntD

— Z e{B/QI[U]B/(D/)—l}
UeQm:n /Om:nt D!

— N(@)m(l—n) Z e{B/Q,[U]B/(D,)_l}

UeOQm:n /D0™mn

= H N(%E)m(l—n) Z e{IBIQ/[U]B/(D/)fl}'

el Uep—e00m:n/DOm:n

Now rather standard techniques (such as those used in Section 5 [10], which
are local arguments) can be used to reduce this computation to computations
of more manageable sums.

For B 1 2, we are left with computing sums of the shape

> e{Qluw}
ueO™ 1 /poOm.1

where w € 0~ 1B~! with wOyp = 8*1‘]3*101;. We replace u by Eu where
E € SL,(0) so that Q[E] = 2Q" (B) where Q' € O™™ is diagonal modulo
PB; this reduces the computation to that of evaluating >, o /qp e{22%bw}
where b € O B3, and now standard techniques can be used to show that

S ef2e%ho) = (%) S ef2etw)

zeQ /B zeQ/PB
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and
2
2 _1
D ef2r’w} | = T N(R).
z€Q /B
Suppose J|2; then u can be replaced by Eu where E € SL,(O) so that

modulo 29, Q[E] is either an orthonal sum of k copies of the matrix (1] é ,

10 1 2
where € € O so that in Og, 1 —4¢ has quadratic defect 40gp. Thus the sums
to be evaluated are now

Z e{2zyw}, Z e{2(2? + zy + ey’w)}

z,y€0 /B z,y€O /R

where w € 07 1P~ with wOy = 0~ 1P~1Oyp. To evaluate the first sum, we
sum first on x; when x ¢ B, this is a complete character sum yielding 0, and
when z € P we get N(). Now consider the second sum; when = & P, we
replace y by xy and recall that as x varies over (O/9B)%, so does x2. Hence
we get,

or it is the orthogonal sum of k — 1 copies of (O 1) and 1 copy of (2 ! )

Z e{2(x? + zy + ey?)w}
z,ycO/P

= Z Z e{222(1 +y +ey?)w} + Z e{2e1%w}
ze(O/P)* yeO/P yeO/%

= Z Z e{2z(1 +y+ey?)w} + Z e{2eyw}.
yeO/Fze(O/P)* yeO/F

We have Zyeo o e{2eyw} = 0, as this sum on y is a complete character
sum (with a nontrivial character). Similarly,

Z e{22(1 +y+ey®)w} =0
zeO/PB
whenever 1+ y + ey? € B. Since 1 — 4¢ has quadratic defect 40y in Ogp,
one checks that we cannot have 1 +y + ey? € 9 for any y € O. Thus
> ef2@® + 2y +ey’)w} = —N(P).
zyeO/P
The proposition now follows from the definition of x,, as described in the

introduction. O

Now we can state the main result of this section.
Theorem 2.7. (Transformation Formula) Let L' = £<I1, e ,In>, v o=

(é g) eTN;T, ..., Iy; M), and let x1, be as defined in the introduction.

We have
O(L"; )|y = xr(det D) O(L'; 7).
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Proof. When det D # 0, this is proved by the previous two propositions. So
suppose that det D = 0. This can only happen in the case that N' = O,
in which case xy, is the trivial character modulo O. Using that the rank of
(C D) is n and C'D is symmetric, one can find G € GL,,(0) and W € O™"

so that with
A B\ (A B\ /[iG' W
¢ D) \C D 0 G)’

A B
oie'in) =0l (3o )

det D’ # 0. Thus

and so

thl w -1 A B
oein ol (G %) —owinl (B 5)

Thus the theorem follows. O

3. ACTION OF THE Sy(Q) OPERATORS ON THETA SERIES

In [2], when N' = O and x, = 1, we defined linear maps whose composi-
tion takes

M (To(0; 97T, -+, Q5 T M) to M(n),(To(O3 T, . .., T M)).

Here we generalize these maps to allow nontrivial level and character. Then
we evaluate the action of the maps on theta series.

Fix £ where 1 < £ < n, and fix a fractional ideal £ so that for every prime
ideal PN, we have ordp(Q) = 0. With Zy,...,Z, fixed fractional ideals,
set

' =ToN;Th,. .., TN and IV = To(N; T3, ..., T M)

’n?

where

! 017, otherwise.

w Q Q(ZZN9) !
T < QINIZND [ol

so that wz — zy = 1. Set
W = <I€—17w71n—f>7 X = <0£—17$70n—€>a
Y = (0p—1,9,0n—¢), Z={Io—1,2,In_y),
s_ (W X
~\Y Z)/)-
A straightforward check shows that 6I/6~! C I and 6 'T"§ C I".

We will use § to define Sy(9Q) : ./\/lgl) (T, x) — Mé”)(f", X). Toward this,
we prove following.

. {z,- if i,

Take
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Proposition 3.1. Let L = A1x1® - - D Apxm, L = <A1, e ,.Am>(’)m’” be
as fized in Section 1, with q the quadratic form on L given by the matriz Q
(relative to the basis (x1,...,2m)). WithZ;, T; (1 <j <n)and ¢ as above,
set

L =L, In) and L" = L(Ty, -+ ,T},).
Then
0(L";07) = det(N(—im (YT + Z) 71 2))7™/2 det(N (—ir))™/?

> efQUIXZI0(L5T).

UeL’ L'z
Proof. We have

0(L"0m) = Y e{QUIXZ L\ UZ ir(YT+ 2)7'Z).
UeLr/r' z
Then we follow the argument of Proposition 2.5 to finish proving this propo-
sition. (To see that with U’ € £/, UX + U’ varies over L'/L"Z as U
varies over L”/L'Z: take a prime ideal P and set e = ordy Q, and take
m € P so that Opm = OpP. Take 2/ € Oy so that z = 7°2/. Then
with Z' = (Iy_1,2',I,—¢), we have natural isomorphisms OpL”/OpL'Z ~
Oqgﬂ'_eIgL/Omﬂ'_eIgLZ, and OmZ//OmEHZ ~ Ospfg_lz/(/)mzz_lzzl. Then
the argument used in Proposition 2.1 [6] show that UX + U’ varies over

L'/L"Z as U varies over £"/L'Z. So the sum on U is independent of U’
and hence can be taken with U’ = 0.) (]

Definition. Let £, §, IV, and I'” be as at the beginning of this section.
Take f € M(n), (I, x). We define

f15e(Q) =x(9) f10.
One easily verifies that if one changes the choice of § (subject to the condi-

tions placed on this choice), Sy(Q) is well defined. Also, for <é g) el”

/ /
and (é, g,) =4 (é, g) 6~1, we have det D’ = det D (N). Thus

Se(Q) : M(n), (T, x) = M(n), (I, x).-

Also note that for 1 < ¢ < n and Q' a fractional ideal with order 0 at any
prime ideal dividing A/, we have S;(Q)Sy (') = Sp(Q')Se(9Q).

Now the techniques used to prove Propositions 2.5 and 2.6 give us the
following.

Theorem 3.2. Let Q be a fractional ideal so that for every prime ideal
BN, we have ordpQ = 0. With L', L" as in Proposition 3.1 and S(Q)
defined as above, we have

0(L";7)[Se(Q) = N(Q)*XL(Q) 0(L'; 7).
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4. ACTION OF THE HECKE OPERATORS T} (B?) ON THETA SERIES

Recall that we have fixed the lattice L. For the duration of this section,
we fix an integer j with 1 < j < n, and we fix a prime ideal B with 3 1 N.
We evaluate

O(L; 7)|S1(PH) -+ S(P T (),
which lies in the same space as 6(L; 7).

Local notation. Throughout this section, we take 8 € 9, ' € ! so that

BA =1(P),n €N, o €MNsothat ny =1 (P), 7 € B, 7’ € P! so that
arn’ =1 (P). Also, with rg,re € Z>¢ so that ro + 72 < j, 11 = J — 19 — T2,

, ) Lirs Pl
p.,=P,, = 0 In—j|, Py=Pj,=| 7" P ’
ITQ 0 ;T2
Xro,r2 = X7('0 ro T <§‘BI7“07I71 ro— 7”27 1I7’2> XTl - X(r1+n 9 <€p[m>]n ]>
and
Krows = K = Xy, GLn(0) XL, N GL, (0),
IC;”1 = ]C’I(“?_TD_T?) = X7/‘1 GLTL_"’O_"'Q (O)(X7/“1) N GLn_TO_"’Q (O)
Using this notation, we have the following.

Proposition 4.1. With rg, ro non-negative integers so that ro + 19 < j, set
Emﬂ”z = £<q3_1Ir07]n—ro—r27mIr2>-

Then with g, T2 varying subject to the above conditions, we have
O(L;7)|S--- S (B TH(B%) = D 0(L;m)|S1 -+ S5(B ™) Thing.ra (B)
0,72

where

NB)MXLBO(L;7)[S1 - 3B ™) Tirg e (B°)

G—l Y/tG
r(det P, ZXL det G) 0Ly rs; )|< tG>Pr2;

here Y', G are defined as follows. We have

(1) =00 D )

where
Or Yo Y5 O
W = w’ Y = [y,
Onfjfro 0
with W' € (NOP) 1O m' so that né7W' varies over (Oggm' /BOsm' )™,
Yo € (M9)~ 1(’);}3}?10 so that ndYy varies over Ogym’ /m20§§;§°, and Yy €
(NO)~LOmon=T2 50 that néYs varies over QT2 SPOTONTT2

Or
Gy = G,

On—j—ro
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with G',Go wvarying subject to the conditions Gy € GLy_ry—r, /K, , and
Go € GLp(0)/ Yy ry (50 Gyt varies over Ky vy \GLn(O)).

Proof. We know from Section 3 that 6(L;7)|Sy ---S;(B 1) lies in the space
My (To(N;Th, -+ Loy M), xz) where I = P~ for 1 < ¢ < j, I, = O other-
wise. It is simple to generalize [2] to find matrices for

Tj?(g’pQ) : Mk(FO(Nth e aIn;m)7XL) — Mk(FO(Na Oa tee ao;m)7XL)'

A

C D
Also, to more easily describe the matrices from [2], we use the notation from
[9].) From this, and recalling that xr, is quadratic, we have

O(L;7)[S1 -+ S;(B I T (P?)
=) x0(det G) O(L; 7)[S1 -+ S5 (B )Srpr1 -+ Sy (B)Sjmrygr -+ 55 (P?)
Y',G

Gy
()

We also know that 0(L; 7)| P, = xr(det P.,)) (L;7), and
O(L; 7)| Pra Sy Spo (B Sj a1+ Si(P)| Pry
= O(L; 7)[S1 -+ Sy (B 1) Snrps1 -+ Su(B).
Also, from Theorem 3.2, we know that
O(L;)|S1 - S (BT) Snrag1 -+ Su(P)
= N ()2 0X L ()27 (L i 7).
From this the proposition easily follows. (Recall that y is quadratic.) O

(To be well-defined, we precede the action of a matrix B> by X, (det D).

Our next step in analyzing 6(L; 7)|S; - - - S;(P~1)T;(P?) is to find a more
convenient way to write 8(Ly, ,; 7). Toward this, we introduce some termi-
nology.

Terminology. Fix non-negative integers rg, s so that rg + ro < j. Take
U S ﬁT‘(),T‘Q' Wlth (yl o yn) = (xl e xm)U’ set
QU)=0y1 @ -+~ ® Oyy,

(an external direct sum). We call Q(U) the (free) lattice associated to U,
and we call (y; - -+ y,) the basis determined by U; note that by the definition
of £ and L, ,,, we have

PIL if 1 <i<r,
Y €< L if ro <i<n-—ro,
BL otherwise.

For U,U" € Ly, r,, we say U and U’ are equivalent in L, ,,, and write
U ~ U', if there is some G € GL,(O) so that U’ = UG. Note that when
U~Ufor UU" € Ly, r,, we have Q(U) = QU’).

Proposition 4.2. Fix non-negative integers rg,r2 so that ro + 19 < j.
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Take U € Ly r,. There are invariants do,d; of the equivalence class
of U and a representative Uy for this equivalence class so that with

Y= yn) = (21 2m)Uy

we have
PILNL if1<i<d,,
Yi € 8 L~ BL if dg <1 <dgy+di,
BL otherwise
where y1, ..., Ydy+d, are linearly independent in the vector space KL.

We call such an equivalence class representative Uy a reduced repre-
sentative, and we call such a basis y a reduced basis; to ease notation,
we write Q(y) to denote QUy).

Take U € Ly, and take y = (y1 -+~ yn) to be a reduced basis for
Q(U); take Uy ~ U so that y = (z1 -+ T)Uy. With do,dy the in-
variants associated to the equivalence class of U (as defined in (a)),
set

A=Ay =PBy1 D ©PYdy D OYdog+1 D - © OYdy+d,
S milydo+d1+1 DD milyn;

we call A(y) the formal intersection of B~ 1Q(y) and L. Then with
Q= Q(y),ithe equivalence class of Uy in ETO,; 1s partitioned into
ICTOM—o;bz'ts of the form UyGy a 'ICTO,T;wheTe the parameter A varies
over all lattices so that P C A C A with mult o.0} (P) = ro and
mult{Q:A}(‘Bfl) = 1. Further, Gyn € GL,(O) is chosen so tha
U,Gyn € Lryry and with

(21 20) = (1 - Y)Gyr = (@1 - T) UGy,
we have
A=Pz18- - BP2, ®O02pg11 B - D Ozppp,
DP 21 @ OP 2,

Let y vary so that Uy varies over the equivalence class representatives
in Lryry, and for each y, let A = Ay) vary as in (b). Then with
Gyn € GLy(O) as in (b) and E varying over Ky r,, we have

9<£r0,7"2; T) = Z Z e{Q[UgGg,AE]T}'

y,E A

Proof. (a) Fix U € Ly, r,; recalling that L = Ajx; & - - & Apzp, let
(Wi - y) = (1 - zp)U and let Q@ = Oyy + --- + Oyl,. We construct
a representative for the equivalence class of U in two steps.

Step 1. For x € P~'L, let T = = + L and let €’ denote the image of €'

in P~1L/L (a vector space over O/P). Thus {¥},...,7,,} spans . Let
do = dim €'; thus dy is an invariant of the equivalence class of U in Ly rs-
Take Ej € SL,,(O/P) so that with

Ty a0 ---0) = (T -~ Tp, ) Ep»
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Y1, ---,Yq,) is a basis for . Now take Ey € SLy,(O) so that Ey = Ej (B)
and set
(Y1 Ydo Ydgr1 ** Yrg) = (Wi -+ Upy) Bl

Step 2. For x € L, now let T = x + PL and let 2’ N L denote the image
of O’ NL in L/PL. Thus with 7 € P~ P? (as throughout this section),
{7YL, - Tdos Udg 110 - - - s Un—do—r» } SPANS Q' N L with 7Y, . .., TYq, linearly
independent. Let dg 4+ dy = dim )’ N L; so dyp and d; are invariants of the
equivalence class of U in L, ,,. We extend (7y1,...,7yq,) to an ordered
basis

(ﬂ-yh cee 77rydouyd0+17 ... 7gd0+d1)

for ' N L where y4,11,--,Ygy+q, lie in the span of
—1 1 —
{yd0+1a cee yro’yr0+17 ce 7yn77’2}'
Choose E| € SLy_g,—r, (O/B) so that
(yd0+1 T gdo+d1 6 T 6) = (ygo—f—l o y',r{o y;"0+1’ e ’y/n—'rg)Ei'
Take Ey € SLy,_g4,—r,(O) so that Ey = E] (P), and set
E = <E07[n—ro><fdoyElaIm>a y= (Y1 - yn) = (v1 - 2)UE,

and set Ug = UE. Hence we have

PILNL ifl<i<d,

Y €S L if dg < i <dgy+ds,
PL if do+dy <i <n.
We claim that y1,...,¥yd,+q, are linearly independent. To see this, suppose

that wiyr + -+ + Ugy+d, Ydo+d, = 0, u; € K, not all 0. Thus this equality
holds over Ky, and so multiplying by a suitable power of 7, we can assume
that all the u; € Ogp with at least one u; a unit in Og. Thus in ‘B_lL/L, we

have wiy1 + - - - +Uq,¥q, = 0, and hence uy, ..., uq, € P since 7y, ..., Yy, are
linearly independent in 8~ L/L. Thus we rewrite u; as mu, for 1 <14 < dp.
So in L/BL, we have @} = -+ = Uy = Ugy41 = *** = Udytd, = 0 by

the choice of basis for ' N L. But this shows that all the u; lie in 3, a
contradiction.

(b) First suppose A is a lattice with Q C A C A and mult{g.4} () = 7o,
mult{o.23(PB~!) = r2. Choose G' € SL,(Og) so that with (2] -+ z},) =
(y1 -+ yn)G', we have

OpA = POp2| & - & POypz, & Opzy 1 ® - ® Oqpzy
SP 1 Opzp 1 @ &P Opzy,.
Now choose G € SL,(0) so that G = G’ (P2Og). Set (21 -+ z,) =
(y1 -+ Yn)G. Thus Q = 0z @ --- @ Ozp; set
A, 2‘1321 @---@’»T-‘Zro @OZT‘0+1 @...@Oznim
D sI-'{_lznf?"erl DD ('B_lzn-

An easy check shows that OpA’ = OgpA; for any prime P’ # P, we have
Op A = O = OgpA. Thus A’ = A. Also, since A C A, one easily checks
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that UyG € Ly, r,. Thus A corresponds to an element in the equivalence
class of Uy.
Now take B, G € GLy(0O) so that UyE,UyG € Ly, ,. Set

(w1 wn) =1 yn)E, (21 2) = (Y1 -+~ yn)G,

Ap = mwl D--- @mwro ® me-}—l O Own—rg

OB Wnory 41 @ Py,
Ag = Pz @D mzrg S Ozm—l—l DD Ozn—rg

S milzn—m—&-l SPRRRRNY milzn-

Using that (21 - 2,) = (w1 --- w,)E~'G, one easily checks that Ap = Ag
if and only if E~'G € Ky, ,. This proves (b).
(c) This claim follows easily from (a) and (b). O

We are almost ready to more precisely describe 6(L; 7)|S1 - - - S; (B ~1) T (B?),
in anology with Proposition 1.4 of [theta I]. But first, we need to define some
more notation.

Definitions. Fix non-negative integers rg, 72 so that rg + 179 < j. Fix a
reduced representative U € Ly, ,; set Q@ = Q(U) and y = (z1 -+ 2,)U (s0
y is a reduced basis for €2).

(a) We define an exponential sum associated to 2 by
{7} =2 _e{QUC]}
C

where C' varies over GLy,(O).

(b) We say that Q is even DM-integral if, for every z,2’ € Q, we have
q(z) € 20 and By(z,2') € M. Note that when Q € L, ,, with
Q~ ', QV is even N-integral if and only if 2 is even N-integral.

(c¢) Suppose 2 is even MN-integral, A is the formal intersection of 2 and
L (as defined in Proposition 4.2), and A is a lattice so that P C
A C A with mult{o.2,(B) = ro, mult{Q:A}(‘Bfl) = ry. Take Gy
as defined in Proposition 4.2. Set r; = j — ro — ro. For each lattice
A1 € Aso that A +9(Q2+A) has dimension r; in (QNA)/B(Q+A),
fix Uy, € O™" so that

A+ BQ+A) = (Ovy &+ @ Ovy) +B(Q+ A)

where (vy -+ vyy) = (1 -+ @p,)Ua, . Set

aj(2,0) = Y e{Q[UAIW'}

A, W/

where mndW’ varies over (Ogym' /PBOsym' ) <. Note that when rog+rq =
j, (2, A) = 1, and when 7o + 12 > j, (2, A) = 0.
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Proposition 4.3. Fix non-negative integers rg,r2 so that ro+1r9 < j. Then
with Y', G varying as in Proposition 4.1, we have

G! v't@
ZXL detG 7“07“27 )| ( tQ )
~ VT S a(6). ) (2. )

where y varies so that Uy, varies over a representatives for the equivalence
classes in Ly r, where Q@) is even M-integral; A varies over all lattices so
that PQ(y) € A € A(y) with multig,) A} (B) = ro and mult o) A3 (B =
ro. (Here A(y) is the formal intersection of B~1Q(y) and L, as defined in
Proposition 4.2.) Further, with P,, as in Proposition 4.1, we have

1yt
r(det P, Z X1(det G)O(Lygry; T)| (G Y G> | Py,

Gfl Y/tG
_ ZXL det G)O(Lyrg.ro; )|< ‘o )

Proof. Welet Y/ =W +Y and G = GoG vary as described in Proposition
4.1. We let U, vary over a set of representatives for the equivalence classes
in Ly, E over Ky s we let A, Gy a vary as in Proposition 4.2. We have
G1 € Kyyry, 50 summing first on Gy, G1 and then on Y, W,y, A, E, we can
replace E by EG1 and Y by G1Y !G1. Then we can rearrange the order of
summation to get

G—l Y/tG
ZXL detG 7‘07‘27 )|< tG >
Y'.G

=> ) e{QIU,GyAEG; |7}

y,A E,Go
> fQIU,GYAEGW Y " e{Q[U,GyaEG1Y ).
G1,W Y

The sum on Y tests whether Q(y) is even M-integral, returning N (3)70(»=72+1)
if the answer is yes, and returning 0 otherwise. So now suppose Q(y) is
even M-integral; fix the parameter A and consider the sum on G1,W. As
E € Ky ry, with

(21 -+ zn) = (a1 -+~ xm)UEG%AE,
we have Q(y) = 021 @ --- ® Oz, and
A=P2@ OP2 @02y 1@ D02y 1y P 2y i1 &SP
Thus the sum on G1, W is &} (Q(y), A). For fixed y, A, we have
Qy) = QUy) = QUyGy,a)

and as FE, Gy vary, EGa1 varies over GL,(O); thus the sum on E,Gq is
e{Q(y), 7}
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To prove the final claim, we simply note that xr,(det P/, )(det P} )" = 1,
{QU,C|P,, 7P} = e{Q[U,CP,,|r}, and CP], varies over GL,(O) as C
does. - U

Next, we combine Propositions 4.1 and 4.3.
Theorem 4.4. We have
0(L;7)|51 - (‘ﬁfl)Ty(‘Bz)
= ZN SISV a2 A) e, 7)

where Q0 varies over all sublattices of P~'L with formal rank n, A varies
over all lattices so that PQ C A C A (A the formal intersection of ‘43*1(2
and L), and with ro = mult{g.x1(B), r2 = multig.; (B, we have

Ei(QA) = k(ra =70 = j) +ro(n —r2 + 1), €;(Q,A) =719 — 10 —J.

Proof. Suppose that € is a sublattice of 8~'L with formal rank n, and
take y1,...,yn € P'L so that Q@ = Oy; & --- & Oy,. By Proposition
4.2, we can assume that for some do,d1, we have yi,...,yq, € P1L \
L, Ydo+15 -+ Ydo+d1 € L~ mLa Ydo+di+1s+++5Yn € SBL with Y1, -5 Ydo+ds
linearly independent in KL. Let A be the formal intersection of =1 and L,
and suppose A is a lattice with BQ C A C A. Then with ro = mult;o.ay (F),
r2 = multfg.ay (B~1), we have 9 > dy and 2 < n — dy — di; hence with
Uy the matrix so that (y1 -+ yn) = (21 -+ 1)Uy, we have Uy € Ly r,. If
ro+72 > j then o j (€2, A) = 0 as there are no dimension j —ro—rg subspaces
of (2N A)/PB(Q+ A). The theorem now follows from Propositions 4.1 and
4.3. O

To complete the character sums in our description of the action of T} (B?),
we have the following.

Definitions. With F¥ a prime ideal, set
Tj(R°) = N(p) <D sz T B~ j—0)S1 - S (B~ Te(B?)

where Tp(*B?) is the 1dent1ty map and

B(r.a) = By(r.a) = ﬁ Y

(So B(r,a) is the number of d1mens1on a subpaces of a dimension r space
over O/B.) To ease notation, we set F = O/P. Set
r—1 ' ‘
n(r,a) = ny(r,a) = [TAVER) ™ = N(B)*™);

so n(r,0) = |GL,(F)| and for 1 < a < r and C € F"* with rankC = a,
n(r,a) is the number of ways to extend C' to an element of GL,(F).

With Q a subspace of B~ L with formal rank n, and A a lattice so that
POL C A C A (where A is the formal intersection of P~ and L), let
ro = multyo.ay(P), r2 = multyo.ay (P1), r = ro +r2. With @ = (2N
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A)/B(2+ A), we consider €2 as a quadratic space over F, with symmetric
bilinear form B’ = 1B, (modulo B); when P 1 2, we take the quadratic
form on Q; to be g’ = n'q (modulo P), and when P[2, we take ¢’ = 11/q
(and then we have the relation ¢'(z +y) = q'(z) + ¢'(y) + B'(z,y)). With
Ay a subspace of Qq, we say A; is totally isotropic if q'(z) = 0 € F for every
T € Al.

This gives us the analogue of the first step in the proof of Theorem 2.1

[8].
Theorem 4.5. Suppose that B is a prime ideal with P+ N. We have

6(L; 7)|T;(%?)

[ X e INEE a0 | ()
Q

POCACA

where the sum is over all even M-integral sublattices Q of P~ L with formal
rank n, and A is the formal intersection of B0 and L. Also, with ro =
multyo.4} (P) and ro = mult{Q:A}(‘Bfl), we take e;(Y,A) = j+ry— 19 and
Ej(QA) = k(j+r2—ro)+ro(n—ra+1)+(j—ro—r2)(j—ro—r2+1)/2—j(n+1),
and o; (2, A) is the number of totally isotropic, codimension n— j subspaces
of (QNA)/B(Q+ A) which has the quadratic form q' as defined above.

Proof. Take Q) C ‘,B_lL to have formal rank n, and fix A so that PQ C A C A
where A is the formal intersection of 8~ and L. Set ro = multo.4} (P),
ro = mult{o.py (B~1), and r = rg + 2. Assume that the quadratic form g
restricted to (2 is even M-integral. Given Theorem 4.4 and the definition of
f’j(‘BQ), we want to evaluate
J
S " B(n— £, — O, A).
=0
First suppose that P 1 2; set F = O/PB. Take Q1 = (ANQ)/P(A+Q); as
discussed above, we consider §2; as a dimension n — r vector space over F
equipped with the quadratic form q’ = 1'q. Take V € Fgym' " so that 0y ~
2V. In Theorem 4.1, we replace Q[G1]W by 2V [G}]W1n'" where G varies
as in Theorem 4.1, and 7 varies over (95;1;“;‘"” modulo P so that det W & .
Then QlG’1<Ig,T, On,g> varies over all codimension n — ¢ subspaces of 21,
and
ay(QA) = ) e{2GVIGH{Wr, 0n_¢)7'B'}.
W
For U € Fgjm, we set
r*(V,U) = #{C e F**: 'CVC =U, rankC =a }

and we set R*(V,U) = r*(V,U)/o(U) where O(U) is the orthogonal group
of U and o(U) = |O(U)|. (The condition that rank C' = a ensures that U
describes the quadratic form on a rank a space.)

Now, given a dimension j' = j — r subspace 2} of 1, and a dimension a
a,a

subspace Ay of ] (0 < a < j'), there are matrices V' € Fﬂ;éi and U € Fgjm
so that Q) ~ 2V’ and Ay ~ 2U. Also, for given A; as above, there are
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B(n—r—a,j —a) dimension j’ subspaces €] of ; that contain A;. (Note
that if @ = 0 then A; = {0}.) Letting A; vary over all dimension a subspaces
of Oy and sorting A; and Q] by isometry classes, we get

Z Bn—r—a,j—r—a)R"(V,U)
clsU€Fgym
= ) Y R(VVOR(V,U).
clsUeFgm cls V’ng;nT,’jfr
Thus

j—r
Z,@(n— r—a,j—r—a)ay(Q,A)
a=0
j—r
= Zﬁ(n—r—a,j —r—a) Z R*(V,U) Z e{QW//BIle}
a=0 cls UEF%E W1€Fgm
det W10

<.
|
LY

= >  ERWV) S OR(VLU) D e{2d'g UM}
cls V! eFlmI " a=0cls UeFg T Wi€Fgm
det W1 750

I
=)

We now fix V' € Fl;7 ™" and to ease notation, we set j/ = j — r. We
want to show that

Jj—r
> R(VLU) D ef2rBUW)

a=0 cls UeF&%, W' eFgh
det W’##0
= g e{2V'Y '’}
YeFl

We know that GLj (F) acts by conjugation on Fé;él, and thus Féym is par-
titioned into orbits (i.e. isometry classes) with representatives

Oj’v <ICa Oj’fc>7 <J07 Oj/fc>7 I1<e< j/
where J. = <Ic,1,w>, and w € O with (%) = —1 (this can be deduced, for

instance, from 92:1 of [5]). Also, with U € Fg;r]n,, as G varies over GLj/ (F),
tGUG varies o(U) times over the distinct matrices in the isometry class of
U. Thus we get

Z e{2V'Y '8}

YA
YEFL

1
e 1 + Z Z (IaJ_—Oj/_a) e{2v’ tG<_[a, Oj’—a>G7T/ﬁ/}

a=1GeGL; (F)

1 / ! !
+Z > Tl {2V G { Ty, 050 )GT' B}

a=1GeGL; (F)
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Now fix a, 1 < a < j'. With Ug the upper left a x a block of GV'!G, we
have

S el GG

GEGLj/ (F)

= Y e{2GV'G{I,, 0507 B’}

GEGL; (F)

= Y e{2UsL'p}.

GEGL, (F)
Given U € Fgjm, the number of G € GLj(F) so that Ug = U is
#{C eF: tCV'C =U, rankC =a } =r*(V',U)n(j', a)

as the number of ways to extend C' € F/' to an element of GLjy(F) is 0 if
rank C' < a, and n(j’, a) otherwise. So (for a still fixed),

L oyt | .
Z O(Ia L Oj/,a) e{2V G<Ia70]’—a>G7T I5} }

GEGLj/ (F)

> O(”(j/"‘)r*(v’, U)e{2Ur'B'}.

I, 1 0;_
UeFge, T a)

We now sort the U in the above sum into isometry classes, and note that
for Uy € Fgﬁn,

> (VL U)e{2U07' 8}
UeclsUy
= > (V' Up) e{2'GUyG' 8"}
GEO(Up)\GLa(F)

= ) RY(V.Uo)e{2'GUyGT'B'}.
GEGL,(F)

It is also not difficult to check the o(I, L 0 ,) = o(Ia)n(j’, a) so

ﬂ(j’,a) * (17 /1 al

z;a o L0, (V' U)e{2Un' 5"}

UeF%s,

_ R*(V',U) t it

— Z o) Z e{2UGI,'Gn'p'}
clsU€EFgym GeGLG(F)

= Y R(V,\U) Y ef2uW'rB}.

clsUEIFg}’,‘fn W'ecls I,



26 DAN FRETWELL AND LYNNE WALLING

Similar arguments hold when I, is replaced by J,, giving us

doe{2viYABY=14+)" Y R(V,U) ) e{20Win'f}

YGIFg;,’IJJ a=1 clsU€Fgym, Wiecls I,

+Y° ) RVLU) D ef2UuWn'8}

a=1 cls UeFgT, Wiecls Jq

j/
=>" Y RrRV.U) Y ef2uwin's}.
a=0 cls UF& %, W1EFgm
det W1#0

The sum ZYEFJ-/,]-/ e{2V'Yn'B'} tests whether V' is 0 modulo B, returning
sym

N ()70 *1/2 if V' passes this test and 0 otherwise. So remembering that
7 =4 —r, we see that

j—r

S Bln—r—a.j -7 —a)aj( A) = N(R)UIGT2R(V,0,,).

a=0
Also recall that V' is chosen so that 21 ~ 2V where V is determined by 2
and A as described at the beginning of the proof; so a;(Q2,A) = R*(V,0;—,),
and the theorem follows in the case that 3 1 2.

Now suppose |2. Then the above argument carries over almost directly,
with just a few adjustments. First, with € as above and q' = 31/q, we
take V € Ogym’" " to encode q’ as follows. With Q; = Faq & -+ & Fapy_y,
the s,t-entry of V' is B'(zs,x;) when s # t, and 2q'(z5) when s = ¢t. With
G,G' € O """ 5o that G = G’ (P) and det G € P, the diagonal of GV 'G
is congruent modulo 2B to the diagonal of G’V 'G’. So for G € GL,,_.(F),
we have G € O(V) if GV'G and V are congruent modulo ‘B with the
diagonal of GV 'G and the diagonal of V' congruent modulo 2B. With Q)
a subspace of Q1 of dimension j’, we take V' to be a matrix encoding q’ on
Q), and 7*(V, V') is the number of matrices C' € F*~ 7" with rank j’ so that
tCVC = V' (B) with the diagonal of ‘CVC congruent modulo 2B to the
diagonal of V’. Then the above argument when calP { 2 carries over to the
case when /2. O

5. AVERAGE THETA SERIES AS HECKE EIGENFORMS

In this section, we adapt the local arguments from [7] and [8] to Hilbert-
Siegel theta series. As a first step, we adapt Proposition 2.1 from [8].
Throughout, 8 is a prime ideal with P { N.

Definitions. For r,m € Z with r > 0, set

r—1 r—1
8(m,r) = [N +1), pim,r) = [[(NE)™ - 1)
=0 1=0

We take 6(m,0) =1 = pu(m,0).
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Proposition 5.1. Take j € Zy so that 3 < n. We have
O(L;T ]T (P?) = ch )e{Q, 7}

where Q0 varies over all even n-integral free sublattices of P~ L with formal
rank n, and ¢;(2) is defined as follows. First, as in Proposition 4.2, we
decompose Q2 as Oy1 & - - - @ Oy, where
PILNL if 1 <i<d,
Y; € ¢ L~SBL if dg <1 <dgy+di,
BL otherwise
with Y1, ..., Ydy+d, linearly independent in KL (so dy,dy are invariants of
Q). Setdy =n—dy—dy. With Q1 = Oygy41 D+ D OYgyra,, let Q1 denote
the space Q1 /BQ equipped with the quadratic form n'q. Set
E=FEtQ)=0k—dy—d)+0(l—1)/2+t(k —n)+t{t+1)/2.
(a) Say X*(‘B) = 1. Then

ZN Epy(@1)8(k — dy — £ — 1,8)8(da, t)

-B(n—do—ﬁ—t,j—do—ﬁ—t).
(b) Say x*(PB) = —1. Then
G(Q) =D (~1)'NB)Fee(@)B(k — do — £ — 1,t)p(da, 1)

ot

Bn—dy—C—t,j—dy—C—1t).
Proof. Beginning with Theorem 4.5, the proof proceeds exactly as the proof
of Proposition 1.4 [7] and of Proposition 2.1 [8]. This consists of constructing
all lattices A with Q2 C A C A where A is the formal intersection of ‘13_19
and L. The construction is in two stages; in each stage, we work over an
O /PB-space. Thus the theory is essentially the same as when we work over

Z/pZ. The theory of quadratic forms over finite fields that we use can be
found in [4] and [5]. O

Next we have the analogue of Proposition 1.5 [7] and Proposition 2.2 [8].

Proposition 5.2. Take j € Z4 so that j < n; also, assume that j < k
if Xx*(B) =1, and j < k if x*(PB) = —1. We let K; vary over all lattices
so that PL C K; C P 1L, mult{L:Kj}(‘B_l) = multir. 1 (P) = Jj, and

Kj; € gen L. Then
> 0(Kj;T) = Zb )e{Q, 7}
K;

where Q wvaries over all even MN-integral free sublattices of P~ L with for-
mal rank n, and decomposing ) is in Proposition 5.1, we have invariants
do,d1,dy attached to Q; then if x*(B) = 1, we have

by(©) = N () U)o 0/2 37 Ny -0, @)

5(k—d0—£—17]—do—g),@(k—do—dld—do—g)a
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and if x*(°B) = —1, we have
bj(Q) = N(R)V DU =1/2 N (1) EN () BT = 1 0y ()
l

Bk —do—Ll—1,j—do—0)6(k —do—di,j — do —0).

Proof. Again, all the arguments are local. Here we equip L/BL with the
quadratic form 7'q so that L/BL is a regular quadratic space over O/,
with L/BL hyperbolic if and only if x*(8) = 1. Then for Q as in the
proposition, all the K; containing 2 are constructed. An element needed to
complete the proof is an analogue of Lemma 4.1 [8]; again, the proof for this
is completely local. O

Now Propositions 5.1 and 5.2 above, together with the proof of Theorem
2.3 [8] gives us the following.

Theorem 5.3. Take j € Zy so that j < n; also, assume that j < k if
Y (B) =1, and j < k if x*(B) = —1. Set

wi(j) = (“1)'NEB)CI2B(n — j +i,0), TIPD) = Y wih)Tj—i(P?),
0<i<y
wili) = (—l)lﬂ(k —n+i—1,00k—j+i—1,4) if x*(P) =1,
‘ (—1)8(k—n+i—1,0)8(k—j+i—1,9) if x*(P)= -1
Then
0(L)|Tj(P*) = Z vi(J) Z 0(K;—i)
0<i<y Kj_;

where K;_; varies subject to BL C K;_; TP 1L,

mlﬂt{L:Kj,i}(‘Bfl) =multr.p; 3 (P) =7 — 4,
and K;_; € gen L.
The final step is average over the genus of L; we now define the average

theta series.

Definition. For L’ a lattice in the genus of L, let o(L’) denote the order of
the orthogonal group of L’. Define the average theta series attached to the
genus of L as

1
O(gen L;T) = Z T O(L';7)
cls L'egen L

where cls L' denotes the isometry class of L’. (Note that sometimes people

normalise the average theta series by ﬁ where mass L = ) 1o 1/c gen L O(#L,)

We now state our main result; the proof combines those of Corollary
2.4 and Theorem 3.3 [8] and primarily consists of elementary combinatorial
arguments over a finite field.

Corollary 5.4. Recall that B is a prime ideal with PN, and 1 < j < n.



(1]
2]

3]
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(a) Suppose that j < k if x*(B) =1, and j < k if x*(P) = —1. We

have
0(gen L)|Tj(P?) = A;(B*)0(gen L)
where
A () = § NRIETIHOIE0, )3k —1.5) i X(B) = 1,

N(P)/E=mHIG=DRG(n, jiu(k —1,5) if x*(B) = 1.
(b) Suppose that j >k if x*(PB) =1, and j > k if x*(P) = —1. Then
6(gen L)|T; () = 0.
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